The use, for flavor symmetries, of the quantum (or q-) analogs of unitary groups SU (n f ) yields new, very accurate, baryon mass sum rules. We show, in the 3-flavor case, that such approach accounts for nonpolynomial SU (3)-breaking effects in the octet and decuplet baryon masses. A version of this approach with manifestly qcovariant mass operator is given. The obtained new version of the q-deformed mass relation is simpler than those derived before, but, for its empirical validity, the parameter q is to be fixed by fitting. As shown, the well-known Gell-Mann-Okubo octet mass sum rule results, besides usual SU (3), also from an exotic "symmetry" encoded in the singular case q = −1 of the q-algebra U q (su 3 ).
and will be denoted as |B i , where i runs over isoplets of the octet, i.e. i = 1, ..., 4 . The masses M B i of particles are given as diagonal matrix elements
of the mass operator [6, 5] M =M 0 + αL + βR,
M 0 = M 0 1 + γA 45 A 54 + δA 54 A 45 ,
which is composed from operators representing basis elements of the U q (su 5 ) algebra 3 and acting in the space of "dynamical" representation {m 15 , p + 1, p, p, m 55 } of this algebra.
In accordance with the chain of embeddings of q-algebras
there is the corresponding embedding of the representations under consideration:
{p + 2, p + 1, p} ⊂ {p + 2, p + 1, p, p} ⊂ {m 15 , p + 1, p, p, m 55 }.
It is clear from the action formulas of A 45 and A 54 (see Jimbo in [1] , and [12] ) that the operators A 45 A 54 and A 54 A 45 do not give splitting between the isoplet masses M B i , but only shifting the common background mass M 0 . For that reason, we put B i |M 0 |B i = M 0 .
Diagonal matrix elements of the operatorsL andR in (3) 
The last equality in (6) is a consequence of the particular choice of representations in (4) . Matrix elements (5) and (6) are evaluated [6] in the framework of the Gel'fand-Tsetlin formalism. Here, we take into account the identifications (we put p = 0)
where Y and I are hypercharge and isospin, respectively (their values label each isoplet unambiguously), and obtain for the summands in (5) and (6) the following expressions: 
Exact coefficient of proportionality in the matrix element (10) is unimportant, since it can be absorbed by redefining of β.
It is clearly seen from the definition of q-quantities (see footnote 3) that baryon masses which follow from (7)-(10) depend on hypercharge Y and isospin I (and, hence, on SU(3)breaking effects) in highly nonlinearnonpolynomial -fashion.
Substitution of (7)-(10) in (5), (6) and then in (1) gives final expressions for M N , M Ξ , M Λ , M Σ . Excluding from these the unknown constants M 0 , α and β, we obtain the q-deformed mass relations of the form [6, 7, 13] 
where A q and B q are certain polynomials of [2] q with non-coinciding sets of zeros. It should be emphasized that different dynamical representations, see the dependence on m 15 and m 55 in (7)-(10), produce different pairs A q , B q . Any A q (rewritten in factorized form) possesses the factor ([2] q − 2) and, thus, the "classical" zero q = 1. In the limit q = 1, each q-deformed mass relation reduces to the standard GMO sum rule for octet baryons. At some value(s) of q which are zeros (other than q = 1) of particular A q , we obtain mass sum rules which hold with better accuracy than the GMO one. The two mass sum rules
where [2] q 7 = 2 cos(π/7), are obtained [6, 7, 13] from two different dynamical representations D (1) and D (2) with corresponding polynomials A (1) q and A (2) q , by fixing zeros q = exp(iπ/6) and q = exp(iπ/7), respectively. These sum rules show the precision of, resp., 0.22% and 0.07%, which is essentially better than the precision 0.58% of GMO. The case corresponding to q = exp(iπ/7) turns out [13] to be the best possible one. It was supposed in [7] that this value of q may be interpreted as follows: π/7 = 2θ C (Cabibbo angle).
3.
Since our goal is to analyze a high nonlinearity in SU(3) breaking effectively accounted by the model, let us first check the classical limit q → 1 for the expressions (7)- (10) . These can be summarized to give the formula
for masses from the octet, by suitable redefinition of M 0 , α, β. This relation coincides with the mass formula of Gell-Mann and Okubo [9, 11] , as it should be. Now consider, at q which is close to 1 and taken to be pure phase: q = e ih , first few terms of the Tailor expansion for the expressions (7)-(10) which enter baryon octet masses. Using the formulas
[n][n + 1] = n(n + 1) − h 2 (n(n + 1)) 2 3 − n(n + 1)
valid for small h, from (7)-(10) we get
where, for simplicity, the choice m 15 = 9, m 55 = 0 has been fixed.
It is instructive to compare this result with the expansion in [9] in terms of the SU(3)breaking interaction, whose lowest orders involve summands with the following dependences on hypercharge and isospin:
Let us remark that the 1st order (the top row above) is the highest possible one that allows getting a mass sum rule for octet baryons in the traditional approach [9] which treats the constants assigned to different terms as independent. On the other hand, dependence of baryon masses on q through the q-quantities like (15) determines unambiguously the coefficients of expansions in h and, thus, there appear no new parameters. This, together with the fact that the deformation parameter q appears in (expressions for) baryon masses through representation matrix elements (due to deformation of symmetry), shows a sharp distinction of the dimensionless parameter q from the dimensionful constants M 0 , α, β, introduced explicitly in the mass operator (2) as symmetry breaking parameters. It is seen that the first order terms in h 2 in the expression (16) correspond to terms up to the 4th order of Okubo's expansion, some of which are (
On the other hand, there is the 2nd order term in Okubo's expansion, namely Y (Y 2 /4−I(I +1)), which does not appear in the expression (16) . This means that the expansion in terms of small h 2 is consistent with, but not the same as, the expansion in terms of SU(3) breaking. (14) is valid not only for octet baryons but also for the J P = 3 2 + baryons from decuplet 10 of U q (su 3 ). Taking into account the specific property that, for the decuplet, hypercharge and isospin obey the relation
Formula
one can rewrite (14) in the form M = M 0 + αY , which produces the equal spacing rule for decuplet baryon masses. It is easy to see that the expressions (7)-(10) which lead in the q-deformed (q = 1) case to octet baryon masses are equally well applicable in the decuplet case. Indeed, using (17) and the easily verifiable identity
valid for all x, we arrive at the q-average formula for masses of decuplet baryons:
This formula previously was obtained in [5] within somewhat another context and shown to possess the important property of universality (independence on the choice of a dynamical representation of U q (su 5 ) or U q (su [4] β, and these obviously satisfy (18). Since each isoplet from the baryon decuplet is uniquely fixed by its strangeness (or hypercharge) value, all these expressions can be comprised by the single mass formula
where B * i runs over four different isoplets in 10-plet. From definition of q-numbers, it follows that the dependence of both quantities:
on hypercharge Y is essentially nonlinear and becomes linear only in the classical (non-deformed) limit q = 1.
Comparison of the relation (18) with empirical data for baryon J P = 3 2 + masses [14] is successful if q is fixed as q = exp(iθ 10 ), θ 10 ≃ π/14. The latter angle, as argued in [7] , can be juxtaposed with the Cabibbo angle θ C .
5.
Up to now we used only a representation-theoretic part of the structure of the quantum algebra U q (su n ). In this section, we follow somewhat different approach and treat the mass operator on the base of q-tensor operators. To this end, below we will need such ingredients of the Hopf algebra structure of U q (su n ) as comultiplication ∆ and antipode S operations. These are defined on the generators
according to the formulas [1] :
Consider the adjoint action of U q (su n ) defined as [12] ad
where A, B ∈ U q (su n ), A (1) and A (2) are defined by comultiplication ∆(A) = A (1) ⊗ A (2) .
With the account of (20) this yields
Below we will need the q-tensor operators [15] (V 1 , V 2 , V 3 ) and (V1, V2, V3), which transform under U q (su 3 ) as 3 and 3 * , respectively. Let us denote [X, Y ] q ≡ XY − qY X. Direct calculations show that the triple of elements from U q (su 4 ),
transforms as 3 under the adjoint action of U q (su 3 ). Moreover, V 1 corresponds to the highest weight vector, the pair (V 1 , V 2 ) is an isodoublet and V 3 isosinglet under U q (su 2 ). Likewise, by direct calculation it can be shown that the triple of elements from U q (su 4 ),
transforms as 3 * under the adjoint action of U q (su 3 ). Moreover, V3 corresponds to the highest weight vector, the pair (V1, V2) is an isodoublet and V3 isosinglet under U q (su 2 ). As before, we take U q (su 3 ) broken down to U q (su 2 ) as the algebras of global internal symmetry of hadrons and make use of the correspondence between baryons J P = 1 2 + and basis vectors in the representation space of 8 as well as between baryons J P = 3 2 + and basis vectors in the representation space of 10. Like in the case of the usual nondeformed flavor symmetry algebra su(3) broken down to its subalgebra su(2), we take the mass operator in the form
whereM 0 is a scalar of U q (su 3 ),M 8 is the operator which transforms as the I = 0, Y = 0 component of the tensor operator of 8-irrep of U q (su 3 ). If |B i is a basis vector of the representation 8 (or 10) space which corresponds to some baryon with spin J = 1/2 (or J = 3/2), respectively, then M B i = B i |M|B i is the mass of this baryon, see (1) .
Consider first the case of octet baryons. The irrep 8 occurs twice in the decomposition
This fact, the Wigner-Eckart theorem for U q (su n ) quantum algebras [15] applied to qtensor operators transforming as irrep 8 of U q (su 3 ), and symmetry properties [16] of q-Clebsch-Gordan coefficients lead us to the conclusion that the mass operator is of the formM = M 0 1 + αV
and the baryon masses are calculated as
Here 1 is the identity operator, V
(1) 8
and V
(2) 8 are two fixed tensor operators with nonproportional matrix elements, which both have the same transformation property as the I = 0, Y = 0 component of irrep 8 of U q (su 3 ) (i.e., the same as that ofM 8 ); M 0 , α and β are some unknown constants depending on details (dynamics) of the model.
In the decuplet case, operator (23 ′ ) is equivalent to the operator
This follows from the fact that the irrep 8 occurs only once in the decomposition
Formally, we may use the operator (23 ′ ) in the case of decuplet baryons, too. But in this case, the matrix elements of V (1) 8
(2) 8 become proportional to each other, and that effectively leads to a single constantα instead of the two α and β in (23 ′ ).
From the decompositions
it is seen that the operators V 3 V3 and V3 V 3 from (21),(22) are just the two isosinglets needed in the context of equation (23 ′ ). It follows from decompositions (26) that each of them transforms as the sum of a singlet (scalar) and the I = 0, Y = 0 component of the octet. Hence, the mass operator (23 ′ ) can be rewritten (after redefinition of M 0 , α, β) in the equivalent form
where the formula Y = (H 1 + 2H 2 )/3 for hypercharge is used.
To obtain matrix elements (25), we use an embedding of 8 or 10 into some concrete representation of U q (su 4 ). Embedding the octet 8 of U q (su 3 ), for instance, into 15 (adjoint representation) of U q (su 4 ), on the base of (25),(27) we obtain the following expressions for the octet baryon masses:
Let us emphasize that the expressions for M N , M Ξ are not invariant under q → q −1 and no transformation of M 0 , α, β exists which makes them invariant.
Excluding M 0 , α and β from (28), we obtain the following q-analogue of the GMO formula for octet baryons:
Observe apparent simplicity of (29) as compared with q-MR (11). This same formula (29) is obtained by embedding 8 into other dynamical representations of U q (su 4 ). However, what concerns validity of (29) with empirical baryon masses [14] , there is no other way to fix the deformation parameter q than to apply a fitting procedure. One can check that for each of the values q 1,2 = ±1.035, q 3,4 = ±0.903 √ −1, the left hand side of q-MR (29) coincides with its r.h.s within experimental uncertainty (note that for q 3 , q 4 the constants α and β in (28) must be pure imaginary). This is in sharp contrast with the q-MR (11), for which there exists an appealing possibility to fix the parameter q in a rigid way by taking zeros of relevant polynomial A q , see the discussion after (11) as well as [6, 7] .
6.
It is clear that the r.h.s. of (29) is invariant under q → q −1 only if q = q −1 , that is, q = ±1. Here we make an interesting observation.
Behind the "classical" mass formula of Gell-Mann and Okubo which obviously follows from (29) at q = 1 and corresponds to the nondeformed unitary symmetries SU(4) ⊃ SU(3) ⊃ SU(2), there is also an unusual "hidden symmetry" reflecting the singular q = −1 case of U q (su 4 ) ⊃ U q (su 3 ) ⊃ U q (su 2 ) algebras (undefined in this case). However, the relevant objects exist as certain operator algebras. Let us describe them in the part corresponding to n = 2 and n = 3.
At generic q, q = −1, the algebra U q (su 2 ) is generated by the elements E + 1 ,E − 1 and H 1 , which satisfy the relations (here [A] denotes (q A − q −A )/(q − q −1 )):
In the limit q → 1 it reduces to the classical algebra su 2 . We take the representation spaces of the latter in order to construct operator algebras for the case q = −1. To each su 2 representation space given by j (which takes integral or half-integral nonnegative values) with basis elements |jm , m = −j, −j + 1, . . . , j, there corresponds a concrete operator algebra generated by the operators defined according to the formulas
The so defined operators E + 1 ,E − 1 and H 1 on the basis elements |jm satisfy the relations (compare with (30)):
In order to consider the (singular) case q = −1 of U q (su 3 ), it is more convenient to deal with U q (u 3 ). We take a representation space V χ , labelled by {m 13 , m 23 , m 33 } ≡ χ, of the nondeformed u 3 and the Gel'fand-Tsetlin basis with elements |χ; m 12 , m 22 ; m 11 in each V χ . Define the operators E + 1 ,E − 1 ,H 1 , E + 2 ,E − 2 , H 2 that form the operator algebra of the χ-type by their action according to the formulas . Action formulas for the operators E ± 1 and H 1 are completely analogous to the formulas given above for n = 2 (with account of m 11 − m 22 = 2j, 2m 11 − m 12 − m 22 = 2m).
The presented action formulas for the operators that form the operator algebra of the χ-type show that their matrix elements are, to some extent, similar to the "classical" matrix elements (i.e., to the matrix elements of the irrep χ operators for su(n)). However, there is an essential distinction: now we observe the important phase factors (namely, (−1) m 11 +m 13 +m 23 +m 33 under the square root in a χ,m 11 and b χ,m 11 ) which depend on χ and a concrete basis element. No such basis-element dependent factors exist in the su(n) case.
Let us illustrate the treatment with the example of the operator algebra which replaces the singular (undefined) q = −1 case of U q (su 3 ) and corresponds to octet representation of su 3 . We give explicitly those action formulas for E ±
